2. First-Order
Ditferential Equations
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Ey = g(0)h(y) p(») % =g, p(N=1/h(y)

y=¢(x), P($)Fx)=¢gk)
[ P@CNF () dx = [ g)dx.

dy = ¢ (0)dx
[P dy=[gdx or H(y)=Gx)+c

H(y), G(x) > p(y)=1/h(y), g(x), antiderivatives
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Example 1 Solving a Separable DE
(1+x)dy—ydx=0
Solution

Dividing; dy/y=dx/(1+x)

5 d-.}:' 5 dx
_| y :_l 1oy 2 In|y|=In[1+x|+¢ < laws of exponents
y =™ = e ef o1+ a6 =267 (1+0) = (1+x)




Example 2 Solution Curve

dv
Solve the initial-value problem E =

Solution

2 2
' X

¥
¥

L ¥(#)=-3

‘[_wﬁ' = —Jxrir and }?Z—?-I-E‘l

> X +y=¢

T(—I-) = _3 = = 5

y=igs(x), or y= _Jﬁ _s
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Example 4 An Initial-Value Problem

2y dy -
cosx(e™ —y)—=¢"sin2x, solve y(0)=0
dx

Solution

™Y 1 sin 2.x

& -V ) .

———dy = dx.

e COS X

J.(e::"‘: —ve " )dy = ZJ sin X dx
e’ +yet +e’ =—-2cosx+c.
10)=0 > c=4

EJ.J' + .1;{::_-1' — E_‘}I = —1- — 2 COS X.
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+P(x)y = f(x).
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Example 1 Solving a Linear DE

d—1 —3y=06
ax
Solution
P(x)=-3, IF.=e/"@% — ¢
EJ—31' ﬂ 3 —3_1"1: -6 ,—3x
dx
d




Example 2 General Solution

dy .
r— — ,_1.1! — ."‘."6{?1_
ax
Solution
dv 4
— _——y=x¢"
dx x
—4{ v/ . _
P("ﬁ_") - —._I_ ,."I _T_. IF =p l X — E‘_4]ﬂ1 = E,’lﬂl_l - T—1 (blﬂgbf\r _ _,g-'llll.-'r:. j\...'r :__-:‘ D)
’ av _
[ 4y y=xe'.
\ ax

%[r{v] = xe’

4 r x 5 4 4
X v=xe —e +c or y=xe —xe +cx.

.



Example 3 General Solution

(.Tz - 9)ﬁ—|— xy =0,
dx
Solution

P(x)=x/(x*~9), IF.=e ™ Sl _ Juesd _ 279
A

(_[ X —9_11] =

dx

Vx? =9y = c, vV = c/+x* -9,




Example 4 An Initial-Value Problem

ﬂ + ‘1_.- =X. 1_(:0) = _1r
dx

Solution

2" y] = xe*
el

e'yv=xe'—e"'+c > yv=x—-l+ce’, y(0)=4 > ¢c=5

.1,'::'(‘—14—5(?_3[__ —o0 < X < oD,

general solution

! =Y =X — B
o y=y.+ty, L,_l. +ce
Vp Ve



vdx+xdy=0 - separable

vadx+xdv=d(xy)=0 > xyv=c

Definition 2.4.1 Exact Equation

M(x,v)dx+N(x,v)dv=0

Theorem 2.4.1 Criterion for an Exact Differential

oM N

M(x.v)dx+N(x,v)dv exact differential & oy oOx




Example 1 Solving an Exact DE
2xvdx+(x* =1)dyv =0.
Solution

oM cN
M(x.v)=2xy and N(x,y)=x"-1 > o =2x= N - Exact!

9. 2xy  and U

fxy)=x"y+g(»).




Example 2 Solving an Exact DE

(6™ —ycosxy)dx +(2xe™” —xcosxy+2y)dy =0

Solution
OM _ 5% 4 i xv— cos vy = O
= e XV 511 XY — XY =—". !
- P - Exactl
c 2y
N(x,y)=——=2xe” —xcosxy+2y
oy

f(x,v)=xe™ —sinxv+ v + h(x)

9 _

ox
> N(x)=0, hix)=c,

. 2y : 2
Last soultion: xe™ —smxy+3y +c=0.

e —veosxv+h'(x)=M(x,v)=e”

— Y COS XV,



Example 3 An Initial-Value Problem

dy _ Xy~ —cos 1;5111 X _1(0)=2
dx y(l—-x7)

Solution

(cosxsinx —xv2)dx+ v(l—x")dv=0

@i’yf__zﬂ‘_@

oy W= > Exact!

. of

N = 51——1(1_") flx.y)=v1-x7)/2+h(x)
/.

0 —xy? +7'(x) = M =cos xsinx —xy”.
X

W(x)=cosxsinx_ /(x)= —J (cosx)(—sinxdx) =—cos’ x/2

‘1-‘2(1 —rj)x’Z —cos”x/2= ¢, or J«‘z (1 —.Tl) —cos" x=c,

-
2

y(0)=2 > ¢=3, |y (1-x")—cos’x




